We compute the beta functions for the three gauge couplings of the Standard Model in the minimal subtraction scheme to three loops. We take into account contributions from all sectors of the Standard Model. The calculation is performed using both Lorenz gauge in the unbroken phase of the Standard Model and background field gauge in the spontaneously broken phase. Furthermore, we describe in detail the treatment of γ 5 and present the automated setup which we use for the calculation of the Feynman diagrams. It starts with the generation of the Feynman rules and leads to the bare result for the Green's function of a given process.
I. INTRODUCTION
Renormalization group functions are fundamental quantities of each quantum field theory. They provide insights in the energy dependence of cross sections, hints to phase transitions and can provide evidence to the energy range in which a particular theory is valid. The renormalization group functions of the gauge couplings in the Standard Model (SM) are of particular importance in the context of Grand Unified Theories allowing the extrapolation of low-energy precision data to high energies, not accessible by collider experiments.
Important milestones for the calculation of the gauge coupling beta functions in the Standard Model are the following computations:
• The one-loop beta functions in gauge theories along with the discovery of asymptotic freedom have been presented in Refs. [1, 2] .
• The corresponding two-loop corrections -in gauge theories without fermions [3, 4] ,
-in gauge theories with fermions neglecting Yukawa couplings [5] [6] [7] ,
-with corrections involving Yukawa couplings [8] ,
are also available.
• The two-loop gauge coupling beta functions in an arbitrary quantum field theory have been considered in Ref. [9, 10] .
• The contribution of the scalar self-interaction at three-loop order has been computed in [11, 12] .
• The gauge coupling beta function in quantum chromodynamics (QCD) to three loops is known from Ref. [13, 14] .
• The three-loop corrections to the gauge coupling beta function involving two strong and one top quark Yukawa coupling have been computed in Ref. [15] .
• The three-loop corrections for a general quantum field theory based on a single gauge group have been computed in [16] .
• The four-loop corrections in QCD are known from Refs. [17, 18] .
Two-loop corrections to the renormalization group functions for the Yukawa and Higgs boson self-couplings in the Standard Model are also known [10, [19] [20] [21] [22] [23] . Recently, the dominant three-loop corrections to the renormalization group functions of the top quark Yukawa and the Higgs boson self-coupling have been computed in Ref. [24] . In that calculation the gauge couplings and all the Yukawa couplings except the one of the top quark have been set to zero.
In this paper we present details to the three-loop calculation of the gauge coupling renormalization constants and the corresponding beta functions in the SM taking into account all sectors. The results have already been presented in Ref. [25] .
The remainder of the paper is organized as follows: In the next Section we introduce our notation and describe in detail how we proceed to obtain the beta functions of the gauge couplings. In particular, we describe the calculation in Lorenz gauge and background field gauge (BFG), discuss our setup for an automated calculation, and explain our treatment of γ 5 . The analytical results for the beta functions are presented in Section III. In contrast to Ref. [25] we show the results including all Yukawa couplings. Section IV is devoted to a description of the checks which have been performed to verify our result. A discussion of the numerical impact of the newly obtained corrections is given in Section V. We conclude in Section VI. Explicit results for the renormalization constants are relegated to Appendix A and Appendix B. In Appendix C, we present three-loop results for the beta functions of the QED coupling constant and the weak mixing angle. Furthermore, we present in Appendix D translation rules which are useful in order to compare parts of our findings with the results of Ref. [16] .
II. THE CALCULATION OF THE BETA FUNCTIONS
In this paper we present the beta functions for the three gauge couplings of the SM up to three loops in the modified minimal subtraction (MS) renormalization scheme. In the corresponding calculation we take into account contributions involving the three gauge couplings of the SM, the top, the bottom, and the tau Yukawa couplings and the Higgs selfcoupling. We derive the beta functions for a general SM Yukawa sector from the calculation involving the aforementioned seven couplings. We postpone the discussion of this issue to the next Section. In the following, we give details on the computation at the three-loop order.
We define the beta functions as
where ǫ = (4 − d)/2 is the regulator of Dimensional Regularization with d being the spacetime dimension used for the evaluation of the momentum integrals. The dependence of the couplings α i on the renormalization scale is suppressed in the above equation. The three gauge couplings α 1 , α 2 and α 3 used in this paper are related to the quantities usually used in the SM by the following all-order relations
where all quantities are defined in the MS scheme. α QED is the fine structure constant, θ W the weak mixing angle and α s the strong coupling. We adopt the SU(5) normalization which leads to the factor 5/3 in the equation for α 1 . Eq. (2) serves as a definition for α QED and θ W . To lowest order, the Yukawa couplings are given by
where m x and M W are the fermion and W boson mass, respectively. In the numerical analysis below also one-loop corrections to Eq. (3) are taken into account [26] . We denote the Higgs boson self-coupling byλ, where the Lagrange density contains the following term
describing the quartic Higgs boson self-interaction. The beta functions are obtained by calculating the renormalization constants relating bare and renormalized couplings via
Taking into account that α bare i
does not depend on µ, Eqs. (1) and (5) lead to
where i = 1, 2 or 3. We furthermore set α 4 = α t , α 5 = α b , α 6 = α τ and α 7 =λ. The first term in the first factor of Eq. (6) originates from the term µ 2ǫ in Eq. (5) and vanishes in four space-time dimensions. The second term in the first factor contains the beta functions of the remaining six couplings of the SM. Note that (for the gauge couplings) the one-loop term of Z α i only contains α i , whereas at two loops all couplings are present, except λ. The latter appears for the first time at three-loop level. As a consequence, it is necessary to know β j for j = 4, 5, 6 to one-loop order and only the ǫ-dependent term for β 7 , namely β 7 = −ǫα 7 /π. From the second term in the first factor and the second factor of Eq. (6) one can read off that three-loop corrections to Z α i are required for the computation of β i to the same loop order.
We have followed two distinct paths to obtain our results for the three-loop renormalization constants, which we discuss in the following Subsections, where we discuss their features and differences.
A. Lorenz gauge in the unbroken phase of the SM The first method used for the calculation of the renormalization constants is based on Feynman rules derived for the SM in the unbroken phase in a general Lorenz gauge with three independent gauge parameters corresponding to the three simple gauge groups. All building blocks of our calculation are evaluated for general gauge parameters in order to have a strong check of the final results for the beta functions which have to be gauge parameter independent. It is possible to use the unbroken phase of the SM since the gauge beta functions in the MS scheme are independent of all mass parameters and thus the spontaneous symmetry breaking does not affect the final result. Note that this choice is advantageous for the calculation because in the unbroken phase much less different types of vertices have to be considered as compared to the phase in which the spontaneous symmetry breaking is present.
In principle each vertex containing the coupling g i = √ 4πα i can be used to determine the corresponding renormalization constant via
where Z vrtx stands for the renormalization constant of the vertex and Z k,wf for the wave function renormalization constant; k runs over all external particles. We have computed Z α 3 using both the ghost-gluon and the three-gluon vertex. Z α 2 has been evaluated with the help of the ghost-W 3 , the W 1 W 2 W 3 and the φ + φ − W 3 vertices where φ ± is the charged component of the Higgs doublet corresponding to the charged Goldstone boson in the broken phase and W 1 , W 2 and W 3 are the W boson components. As to Z α 1 , a Ward identity guarantees that there is a cancellation between the vertex and some of the wave function renormalization constants yielding
where Z B is the wave function renormalization constant for the gauge boson of the U(1) subgroup of the SM in the unbroken phase.
In Fig. 1 we show several one-, two-and three-loop sample diagrams contributing to the considered two-and three-point functions.
We have not used vertices involving fermions as external particles as they may lead to problems in connection with the treatment of γ 5 in d = 4 dimensions. The vertices selected by us are safe in this respect. A detailed discussion of our prescription for γ 5 is given below.
In order to compute the individual renormalization constants entering Eq. (7) we proceed as outlined, e.g., in Ref. [15] . The underlying formula can be written in the form
where Γ represents the two-or three-point function corresponding to the renormalization constant Z Γ and the operator K ǫ extracts the pole part of its argument. From the structure of Eq. (9) it is clear that Z Γ is computed order-by-order in perturbation theory in a recursive way. It is understood that the bare parameters entering Γ on the right-hand side are replaced by the renormalized ones before applying K ǫ . The corresponding counterterms are only needed to lower loop orders than the one which is requested for Γ. In our approach the threeloop calculation of Z α i requires -besides the result for Z α i to two loops -the one-loop renormalization constants for the other two gauge and the Yukawa couplings. Furthermore we have to renormalize the gauge parameters; the corresponding renormalization constants are given by the wave function renormalization constants of the corresponding gauge bosons which we anyway have to evaluate in the course of our calculation.
B. Background field gauge in the spontaneously broken phase
The second method that we used in order to get an independent result for the renormalization constants of the gauge couplings is a calculation in the BFG [27, 28] . The basic idea of the BFG is the splitting of all gauge fields in a "quantum" and a "classical" part where in practical calculations the latter only occurs as external particle.
The BFG has the advantage that Ward identities guarantee that renormalization constants for gauge couplings can be obtained from the exclusive knowledge of the corresponding wave function renormalization constants. 
where A denotes the gauge boson corresponding to the gauge coupling α i . In contrast to the calculation using Lorenz gauge, we performed the calculation in the BFG in the spontaneously broken phase of the SM.
2 As discussed in the last Subsection, such a calculation is more involved than a calculation in the unbroken phase since more vertices are present. On the other hand, it constitutes an additional check of our result, that allows us not only to compare the BFG and the Lorenz gauge but also to switch from the broken to the unbroken phase of the SM.
Since the calculation has been performed in the broken phase we have computed the transverse part of the two-point functions of the (background) photon, Z boson, photon-Z mixing, W boson and gluon which we denote by Π γ , Π Z , Π γZ , Π W , Π g , respectively. Sample Feynman diagrams up to three loops can be found in the first two lines of Fig. 1 .
Π W and Π g can be used in analogy to Subsection II A in order to obtain the corresponding renormalization constants which leads in combination with Eq. (10) to the renormalization constants for α 2 and α s . We found complete agreement with the calculation performed in Lorenz gauge.
As far as the self energies involving photon and Z boson are concerned, we consider at the bare level appropriate linear combinations in order to obtain the B and W boson self-energy contributions. To be precise, we have
The second linear combination can immediately be compared with the bare result obtained from the charged W boson self energy and complete agreement up to the three-loop order has been found. This constitutes a strong consistency check on the implementation of the BFG Feynman rules. Π B is used together with Eq. (10) in order to obtain the renormalization constant for α 1 . Again, complete agreement with the calculation described in the previous Subsection has been found. In our BFG calculation we want to adopt Landau gauge in order to avoid the renormalization of the gauge parameters ξ i . However, it is not possible to choose Landau gauge from the very beginning since some Feynman rules for vertices involving a background gauge boson contain terms proportional to 1/ξ i where ξ i = 0 corresponds to Landau gauge. To circumvent this problem we evaluate the bare integrals for arbitrary gauge parameters. In the final result all inverse powers of ξ i cancel and thus the limit ξ i = 0 can be taken at the bare level. and plenty of Feynman diagrams which have to be considered. In our calculation we have used a setup which to a large extend avoids manual interventions in order to keep the error-proneness to a minimum. As far as the loop integrals are concerned we exploit the fact that the beta function in the MS scheme is independent of the external momenta and the particle masses. Thus, we can choose a convenient kinematical configuration which leads to simple loop integrals as long as the infra-red structure is not modified. In our case we set all particle masses to zero and only keep one external momentum different from zero. We have checked that no infra-red divergences are introduced as we will discuss in detail in Section IV. In this way all loop-integrals are mapped to massless two-point functions that up to three loops can be computed with the help of the package MINCER [29] .
As core of our setup we use a well-tested chain of programs that work hand-inhand: QGRAF [30] generates all contributing Feynman diagrams. The output is passed via q2e [31, 32] , which transforms Feynman diagrams into Feynman amplitudes, to exp [31, 32] that generates FORM [33] code. The latter is processed by MINCER [29] and/or MATAD [34] that compute the Feynman integrals and output the ǫ expansion of the result. The parallelization of the latter part is straightforward as the evaluation of each Feynman diagram corresponds to an independent calculation. We have also parallelized the part performed by q2e and exp which is essential for our calculation since it may happen that a few times 10 5 diagrams contribute at three-loop level to a single Green's function. The described workflow is illustrated on the top of Fig. 2 .
In order to perform the calculation described in this paper we have extended the above setup by the vertical program chain in Fig. 2 [36] in order to generate such a file which is also indicated in Fig. 2 .
Let us mention that FeynArtsToQ2E is not restricted to the SM but can process all model files available for FeynArts.
D. Treatment of γ 5
An important issue in multi-loop calculations is the definition of γ 5 away from d = 4 dimensions. A first possibility is the naive regularization that requires that γ 5 anti-commutes with all other γ-matrices. This approach has the advantage that its implementation is very simple. However, it can lead to wrong results, especially for Feynman diagrams involving several fermion loops. For example, the naive regularization of γ 5 leads to the problematic result (see, e.g., Ref. [37] )
The limit of this expression for d → 4 does not agree with its value in the physical case, when the regularization is turned off
Here the totally anti-symmetric Levi-Civita tensor is defined by ε 0123 = 1. It is therefore reassuring that one can show explicitly that in the computation via the ghost-ghost-gauge boson vertex 3 all contributions stemming from this kind of traces vanish. To prove this, we notice that this kind of traces can only lead to non-vanishing contributions if there are at least two of them in a diagram. Only in this case the ε-tensors originating from Eq. (13) 5 and an even number of other γ-matrices. However, the sum over all possible fermion species that can circulate in the loops, including also the diagrams in which the fermions circle in opposite directions, vanishes.
4 This is of course a consequence of the cancellation of the Adler-Bell-Jackiw anomaly [39, 40] within the SM, as required by gauge invariance. Therefore, we are allowed to calculate the Feynman diagrams contributing to Z α i using a naive regularization prescription for γ 5 , in which the diagrams containing triangle anomalies are set to zero from the very beginning, according to Eq. (12) .
As an additional check of the calculation we implemented also a "semi-naive" regularization prescription for γ 5 . Explicitly, we evaluate the expression tr(
The tensorε µνρσ has some similarities with the four-dimensional Levi-Civita tensor: (i) it is completely antisymmetric in all indices; (ii) when contracted with a second one of its kind one obtains the following result
where the square brackets denote complete anti-symmetrization. When taking the limit d → 4,ε µνρσ converts into the four-dimensional Levi-Civita tensor and Eqs. (14) and (15) ensure that it provides the correct four-dimensional result.
At this point a comment on Eq. (14) is in order. It is straightforward to see that the combination of this equation and the cyclic property of traces leads to an ambiguity of order O(ǫ). Therefore, we made sure that the terms that need to be treated in this way generate at most simple poles in ǫ, which are thus unambiguous, and the above procedure can be applied directly without introducing additional finite counterterms. : two-point functions computed in BFG. The superscript "B" denotes background fields. The first column indicates the external legs of the Green's function, the other columns show the number of diagrams at the individual loop orders. Note that the BBB vertex is computed in order to have a cross check as we will explain in Section IV.
Let us stress again that we find the same result for the renormalization constants Z α i both from the ghost-ghost-gauge boson vertex and by using other vertices and both by applying the "naive" as well as the "semi-naive" scheme. These findings strongly support the above reasoning.
E. Comparison of the methods
This Subsection is devoted to a brief comparison of the calculation via the Lorenz gauge and the one involving the BFG. As has been mentioned before, in the BFG it is sufficient to consider only the gauge boson propagators. This is advantageous as the use of Lorenz gauge also requires the evaluation of three-(or four-) point functions and in most cases it also demands the consideration of additional two-point functions apart from the gauge boson ones. Disadvantages of the BFG are the increased number of vertices and the more involved structure of the vertices containing a background field.
In Tab. I we list the number of diagrams for each Green's function contributing to the one-, two-and three-loop order. The number of diagrams computed in this work is obtained from the sum of the numbers in these columns. For comparison we also provide the corresponding number of diagrams which contribute to the four-loop order.
It is tempting to compare the number of contributing Feynman diagrams in Lorenz gauge and in BFG which is, however, not straightforward since we use the former in the broken and the latter in the unbroken phase. Nevertheless, one observes that in the case of β 3 the number of diagrams entering the BFG calculation is roughly the same as in case the gluon-ghost vertex is used in Lorenz gauge, even up to four-loop order. All other vertices lead to significantly more diagrams. In the case of β 2 there are about three to four times more diagrams to be considered in the BFG as compared to Lorenz gauge. Whereas at threeloop order the difference between approximately 70 000 and 250 000 diagrams is probably not substantial it is striking at four-loop order where the number of Feynman diagrams goes from about 10 000 000 (W 3 W 3 , c W 3c W 3 and c W 1c W 2 W 3 Green's function) to 42 000 000 (W +B W −B Green's function) when switching from Lorenz gauge to BFG. Thus, starting from four loops it is probably less attractive to use the BFG.
Let us add that the precise number of Feynman diagrams depends on the detailed setup as, e.g., on the implementation of the four-particle vertices. Because of the colour structure we split in our calculation the four-gluon vertex into two cubic vertices by introducing nonpropagating auxiliary particles, whereas all other four-particle vertices are left untouched.
Let us finally mention that the CPU time for the evaluation of an individual diagram ranges from less than a second to few minutes. For general gauge parameters it may take up to the order of an hour. Thus the use of about 100 cores leads to a wall-clock time which ranges from a few hours for a calculation in Feynman gauge up to about one day for general gauge parameters. For the preparation of the FORM files using QGRAF, q2e and exp also a few hours of CPU time are needed which is because of the large amount of Feynman diagrams. The use of about 100 cores leads to a wall-clock time of a few minutes.
III. ANALYTICAL RESULTS
In this Section we present our analytical results for the beta functions. As mentioned before, we are able to present the results involving all contributions of the SM Yukawa sector.
The SM Yukawa interactions are described by (see, e.g., Chapter 11 of Ref. [41] )
where Y U,D,L are complex 3 × 3 matrices, i, j are generation labels, H denotes the Higgs field and ǫ is the 2 × 2 antisymmetric tensor. Q L , L L are the left-handed quark and lepton doublets, and u R , d R , l R are the right-handed up-and down-type quark and lepton singlets, respectively. The physical mass-eigenstates are obtained by diagonalizing
As a result the charged-current W ± couples to the physical quark states with couplings parametrized by the Cabibbo-Kobayashi-
We furthermore introduce the notation
In order to reconstruct the results for a general Yukawa sector, we have multiplied each Feynman diagram by a factor (n h ) m , where m denotes the number of fermion loops involving Yukawa couplings. After analyzing the structure of the diagrams that can arise, we could establish the following set of replacements that have to be performed in order to take into account a generalized Yukawa sector
Of course, only traces over products of Yukawa matrices can occur because they arise from closed fermion loops. Using Eqs. (17) and (18), it is straightforward to see that in Eq. (19) only traces of diagonal matrices have to be taken except for trTB which is given by
The addition of a fourth generation of fermions to the SM particle content can be also easily accounted for by this general notation. In this case, the Yukawa matrices become 4 × 4 dimensional. If we assume that the fourth generation is just a repetition of the existing generation pattern but much heavier and if we neglect all SM Yukawa interactions, then the explicit form of Yukawa matrices readŝ
Here T and B stand for the up-and down-type heavy quarks, and L for the heavy charged leptons, while α F denotes the corresponding Yukawa couplings as defined in Eq. (3). Since in our calculation no Yukawa couplings for neutrinos have been introduced we cannot incorporate heavy neutrinos. This would require a dedicated calculation which, however, does not pose any principle problem. We are now in the position to present our results for the beta functions of the gauge couplings. They are given by 
and
In the above formulas n G denotes the number of fermion generations. It is obtained by labeling the closed quark and lepton loops present in the diagrams. To obtain the results for the three-loop gauge beta functions, one also needs the one-loop beta functions of the Yukawa couplings, cf. Eq. (6). They can be found in the literature, of course. Nevertheless we decided to re-calculate them as an additional check of our setup.
For completeness, we present the analytical two-loop expressions which read
The one-loop results have been expressed in terms of Yukawa matrices since these expressions enter the three-loop beta functions. At two-loop order, however, we refrain from reconstructing the general expression which would require an extension of the rules given in Eq. (19) . Our independent calculation of the two-loop Yukawa beta functions is also interesting as there has been a discrepancy between [20] and [23] concerning the absence of terms proportional to α b α tλ in Eqs. (25) and (26) . We were able to confirm the results of Ref. [23] .
In Appendices A and B we provide the results for the renormalization constants which lead to the beta functions discussed in this Section.
IV. CHECKS
We have successfully performed a number of consistency checks and compared our results with those already available in the literature. We describe these checks in detail in this Section.
The consistency checks show that all computed renormalization constants are local (i.e. there are no ln µ terms in the final expression), that the renormalization constants of the gauge couplings are gauge parameter independent and that the beta functions are finite. We also find that the beta functions calculated by considering different vertices in Lorenz gauge agree among themselves and with the results of the computation in BFG.
In order to test that the program FeynArtsToQ2E correctly translates FeynArts model files into model files for QGRAF/q2e, we reproduced the beta function for the Higgs selfcoupling to one-loop order and the beta functions for the top and bottom quark, and the tau lepton Yukawa couplings to two-loop order (cf. previous Section). We have even considered quantities within the Minimal Supersymmetric Standard Model, like the relation between the squark masses within one generation, which is quite involved in case electroweak interactions are kept non-zero. Furthermore, we find that the divergent loop corrections to the BBB vertex vanish in the Lorenz gauge, as expected since for this vertex no renormalization is required. We performed the latter check up to three-loop order.
Another check consists in verifying that in the vertex diagrams no infra-red divergences are introduced although one external momentum is set to zero. We do not have to consider two-point functions since they are infra-red safe. One can avoid infra-red divergences by introducing a common mass for the internal particles. Afterwards, the resulting integrals are evaluated in the limit q 2 ≫ m 2 where q is the non-vanishing external momentum of the vertex diagrams. This is conveniently done by applying the rules of asymptotic expansion [42] which are encoded in the program exp. The setup described in Section II C is particularly useful for this test since exp takes over the task of generating FORM code for all relevant sub-diagrams which can be up to 35 for some of the diagrams; this makes the calculation significantly more complex. In our case the asymptotic expansion either leads to massless two-point functions or massive vacuum integrals or a combination of both. The former are computed with the help of the package MINCER, for the latter the package MATAD is used. As a result one obtains a series in m 2 /q 2 where the coefficients contain numbers and ln(m 2 /q 2 ) terms. For our purpose it is sufficient to restrict ourselves to the term (m 2 /q 2 ) 0 and check that no logarithms appear in the final result. With this method we have explicitly checked that the W 1 W 2 W 3 and three-gluon vertices are free from infra-red divergences. Since the results for the gauge coupling renormalization constants agree with the ones obtained from the other vertices also the latter are infra-red safe.
Let us finally comment on the comparison of our findings with the literature. We have successfully compared our results for the two-loop gauge beta functions with [9] and the two-loop Yukawa beta functions with [23] . Even partial results for the three-loop gauge beta functions were available in the literature [16] . That paper comprises all hitherto known three-loop corrections in a general quantum field theory based on a single gauge group, however, the presentation of the results relies on a quite intricate notation. Its specification to the SM is straightforward, however, a bit tedious. For convenience, the translation rules needed to convert the notation of [16] to ours is given in Appendix D.
After converting the notation of Ref.
[16] to ours we find complete agreement, taking into account the following modifications in Eq. (33) of [16] :
5 The terms
have to be "symmetrized", so that they read
Furthermore, one has to correct the obvious misprint
V. NUMERICAL ANALYSIS
In this Section we discuss the numerical effect of the new contributions to the gauge beta functions. We solve the corresponding renormalization group equations of the gauge couplings numerically and take into account the contributions from the Yukawa couplings and the Higgs self-coupling to two-loops. As boundary conditions we choose
where the first six entries correspond to experimentally determined values while the value for the Higgs coupling is determined assuming a Higgs boson with mass 125 GeV:
Sinceλ only occurs at three loops the tree-level relation (32) is sufficient for our purpose. out. For a description how these values are determined from the knowledge of their directly measured counterparts [41] , we refer to [41, 43] . It is noteworthy that for all three gauge couplings the sum of all three-loop terms involving at least one of the couplings α b , α τ or λ leads to corrections which are less than 0.1% of the difference between the two-and three-loop prediction.
In Fig. 3 the running of the couplings α 1 , α 2 and α 3 , is shown from µ = M Z up to high energies. At this scale no difference between one, two and three loops is visible, all curves lie on top of each other.
The differences between the loop orders can be seen in Fig. 4 which magnifies the intersection point between α 1 and α 2 . There is a clear jump between the one-(dotted) and two-loop (dashed) prediction. The difference between two and three loops (solid curves) is significantly smaller which implies that perturbation theory converges very well.
The experimental uncertainties for α 1 (M Z ) and α 2 (M Z ) as given in Eq. (31) are reflected by the bands around the three-loop results. Defining the difference between the two-and three-loop result as theoretical uncertainty one observes that it is smaller than the experimental one, however, of the same order of magnitude. Without the new three-loop calculation performed in this paper the theory uncertainty is much larger than the experimental one.
Also in the case of α 3 perturbation theory seems to converge well. However, in contrast to α 1 and α 2 the experimental uncertainty turns out to be much larger than the theoretical uncertainty. This is not surprising as the relative experimental uncertainty of α 3 at the electroweak scale is quite large compared to its electroweak counterparts. The relative experimental and theoretical uncertainty of α 3 is plotted as a function of the renormalization log 10 (µ/GeV) scale in Fig. 5 . Note that by construction we have that ∆α 3 /α 3 | theory approaches zero for µ → M Z .
Let us finally identify the numerically most important contributions. This is done by running from µ = M Z to µ = 10
16 GeV and by comparing the contribution of each individual term to the total difference between the two-and three-loop prediction. Similar results are also obtained for lower scales.
About 90% of the three-loop corrections to the running of the gauge couplings arises from only a few terms. In the case of α 1 there is only one term which dominates, namely the one of order α 2 ) all these terms are presented in this paper for the first time.
The beta function β 3 is dominated by the strong corrections, however, large cancellations between the α 4 3 (+137%), α 
VI. CONCLUSIONS
In this paper we present three-loop results for renormalization constants that are used to compute the three SM gauge coupling beta functions, taking into account all contributions. We have checked that our expressions agree with all partial results present in the literature. Furthermore the two-loop corrections to the Yukawa couplings have been computed. We have performed the calculation using both Lorenz gauge within the unbroken phase of the SM and BFG in the broken phase. Our final result is valid for a generic flavour structure with an arbitrary CKM matrix. It is furthermore sufficiently general to consider a fourth generation of quarks and leptons.
In order to perform the calculation in an automated way we have written an interface, FeynArtsToQ2E, between the package FeynArts and our chain of programs (QGRAF, q2e, exp, MATAD, MINCER) allowing to handle the O(10 6 ) Feynman diagrams, which have to be considered in the course of the calculation, in an effective way. Thus, we could perform several checks involving various different Green's functions. FeynArtsToQ2E is not limited to the SM but can easily be used for extensions like supersymmetric models.
"Computational Particle Physics".

Appendix A: Renormalization constants
In this Appendix we present analytical results for the renormalization constants
, where the definition of Z α i is given in Eq. (5) and the field renormalization is defined through
B, W , G, c W and c G denote the gauge boson and ghost fields. The scalar field H is defined in Eq. (D5). The renormalization constants for the three-particle vertices are also defined in a multiplicative way. Some of the results listed below contain the gauge parameters ξ B , ξ W and ξ G . They are conveniently defined via the corresponding gauge boson propagator which is given by
with X = B, W, G. Note that ξ X = 1 corresponds to Feynman and ξ X = 0 to Landau gauge. Our analytical results read 
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where ξ and χ are left-handed Weyl spinors and Ψ D denotes a Dirac spinor. Thus, the Lagrange density of the SM can be expressed in terms of 45 Weyl spinors:
χ t , ξ t , χ b , ξ b , χ τ , ξ τ , χ ντ , χ c , ξ c , χ s , ξ s , χ µ , ξ µ , χ νµ , χ u , ξ u , χ d , ξ d , χ e , ξ e , χ νe .
For simplicity we have suppressed the SU(3) color indices for all quark spinors. Of course, each quark spinor has to be understood as a triplet in color space. In this basis the Yukawa matrices become 45 × 45 dimensional.
In the notation of [16] the part of the Lagrange density describing the Yukawa couplings is given by
where Y a andȲ a are the (complex conjugated) Yukawa matrices, φ a are real scalar fields, ψ i andψ i are (Hermitian conjugated) spinor fields. There are four real scalar fields in the SM, which means that we have four Yukawa matrices. They are given by 
In the above formulas, all matrix elements not explicitly given are zero. 
The part of the Lagrange density describing the Higgs self-interaction reads in the notation of Ref. [16] 
In the SM we have λ aaaa = 6 × (4πλ), λ aabb = λ abab = λ abba = 2 × (4πλ) (a = b), λ abcd = 0 (otherwise) .
All relations discussed so far are generic for all three gauge groups. However, there are some expressions which depend on the specific gauge group one wants to consider. The remainder of this Section lists these expressions. For each of the three gauge groups, we give the expressions for the generators in the representations of the scalar fields, S A , and of the Weyl spinors, R A . We also give expressions for the invariants T (S), C(S), T (R), C(R), C(G), r, all of which are symbols used in Ref. [16] . They are defined as 
and 
In the last equation σ A are the Pauli matrices. Not all of the matrix elements left out in R A vanish, but these elements play no role for the comparison of our results to [16] . The derivation of the generators S A proceeds in analogy to the derivation of S 1 explained in the former Subsection. One merely has to substitute the generator of U(1), 
The ellipsis has to be replaced by the first entries twice.
SU (3)
In the SM the matrices S A vanish for the group SU(3). The matrices R A are blockdiagonal and read
The ellipsis has to be replaced twice by the former entries, which contain the Gell-Mann matrices Λ A . Finally, we have 
